Abstract. We analyze the robustness of various standard finite element schemes for a hierarchy of plate models and obtain asymptotic convergence estimates that are uniform in terms of the thickness d . We identify h version schemes that show locking, i.e., for which the asymptotic convergence rate deteriorates as ¿->0, and also show that the p version is free of locking. In order to isolate locking effects from boundary layer effects (which also arise as d -► 0), our analysis is carried out for the periodic case, which is free of boundary layers. We analyze in detail the lowest model of the hierarchy, the well-known Reissner-Mindlin model, and show that the locking and robustness of finite element schemes for higher models of the hierarchy are essentially identical to the Riessner-Mindlin case.
Introduction
The bending of elastic plates is often analyzed by replacing the actual 3-d plate problem by a 2-d model. It is possible to define a whole hierarchy of plate models, of which the well-known Reissner-Mindlin (RM) model is the lowest-order member, such that the modeling error can be controlled by using a sufficiently high-order model from the hierarchy. The numerical approximation of any plate model by the finite element method introduces an additional discretization error into the calculation. For certain finite element schemes, this discretization error can become very large when the thickness d of the plate is close to zero. This occurs because of two phenomena, the existence of boundary layers and the presence of locking.
Boundary layers arise as components of the exact solution of the plate models and (to some extent) reflect the boundary layers present in the exact solution of the corresponding 3-d problem. In a series of papers (see [1] for references), Arnold and Falk have characterized in detail various aspects of the boundary layer for the exact RM solution, for different boundary conditions. (The boundary layers are in general different for different models of the hierarchy). One effect of the presence of these boundary layers is to weaken the a priori regularity of the solution. Since the singular behavior occurs only near the boundary, an effective strategy to overcome any consequent deterioration of numerical schemes is to locally refine the mesh (usually with a low-order scheme). See, for instance [2] , where this has been done in the context of the h-p version.
The second phenomenon mentioned above, numerical locking, also occurs when the thickness is close to zero, but for a different reason. It is well known that as the thickness d -> 0, the solutions of the plate models tend to the Kirchhoff plate solution. In the limiting case, the exact solution will therefore satisfy Kirchhofs hypothesis. The problem of locking occurs because as d -> 0, the finite element solution is also forced to satisfy this hypothesis. Consequently, the number of conforming trial functions (which satisfy KirchhofFs hypothesis) can get severely restricted, resulting in a degradation of the approximation properties of the trial space.
Since the problem of locking is quite different in terms of origin and numerical treatment from that of boundary layers, it is more instructive to analyze these problems separately. In this paper, we will be interested only in the problem of locking. To isolate this phenomenon and separate it from the effect of boundary layers, we will be considering the case of periodic boundary conditions, which we will choose so that the solution is smooth. (This also models the situation in the interior, in the case boundary layers are present.)
One method to avoid locking is to construct a finite element space which possesses optimal approximation properties even when restricted by KirchhofFs constraint. This leads to a robust standard FEM, i.e., one whose performance is not sensitive to the thickness. An alternate strategy is to use a mixed method, which has the effect of enforcing the constraint in a weaker sense, thereby restricting the finite element space less. A number of mixed methods have been proposed and analyzed for the RM model, see e.g. [1, 10] , Chapter 7 of [9] and the references therein.
Our approach in this paper will be to characterize the locking and robustness properties of various standard (as opposed to mixed) finite element schemes, for plate problems with periodic boundary conditions, using the general theory of locking developed by us in [4] . A key condition from that work, the so-called "condition (a) ", will be shown to be satisfied in this case, thereby reducing the question of locking to one of approximability alone. A similar technique was used by us in [5] to analyze Poisson ratio locking, which occurs in elasticity problems when the Poisson ratio is close to 1/2. This technique is tailored to the first strategy mentioned above, i.e., the standard FEM, which involves the direct variational principle without reformulation. In contrast, mixed FEMs reformulate the variational principle and typically need compatible FE subspaces and an inf-sup approach for their analysis. The goal of this paper-and, of course, also a limitation-is to address only the standard variational method, which is directly usable for the entire hierarchy of plate models (such hierarchies also exist for laminated plates). As a consequence, our results apply to various elements from commercial codes based on the standard FEM. (We note that though we do not address mixed methods, some of the triangular finite elements analyzed by us in §4 in the context of the RM model can be formulated as equivalent mixed methods and, in fact, have been analyzed in this form as "Family III" of reference [10] .)
In § §2 through 5, we develop various results for the RM model, the lowestorder (and most commonly used) model in the hierarchy. For models higher up in the hierarchy, the asymptotic convergence in d is faster, provided that the solution is smooth. The next highest model in the hierarchy after the RM (or (1, 1,0) ) model is the so-called (1, 1,2) plate model, which models the corner singularities and boundary layers of the 3-d problem more accurately than the RM model (see [2] ). (Let us mention that for the clamped plate, the difference in data computed at the boundary from these two models can be as high as 30%.)
In §6, we consider the question of locking for the (1, 1, 2) model and, by extension, also for higher-order models in the hierarchy (once again for the periodic case). The techniques we use to analyze the RM case in § §2-5 can be easily extended to such higher-order models as well (which is why we consider the RM case in such detail). We prove that the question of locking once again reduces to the Kirchhoff constraint being satisfied by the approximating subspaces. Hence, the results for the RM case carry over directly, with no additional locking effects being observed for higher-order models in our hierarchy.
Let us note that for the RM case, an alternative method of analysis based on the Helmholtz decomposition of the shear strain (see [1, 9, 10] ) may be used. Most of the locking results we establish for the special RM case are, in fact, predictable from what is known for nearly incompressible elasticity ( [5, 13, 14, 16] ) by this alternative method. See Remark 5.1.
The Reissner-Mindlin plate model and its regularity
We consider as our domain the 2-d midsection Í2 = (-n, n)2 of a square isotropic plate with the plate occupying the region Ä = fix[-|,|].
On fi we consider the RM plate model for ud = (<j)d, wd),
which gives the bending of the plate in equilibrium. (Since the membrane effects do not exhibit shear locking, we consider in the present paper only the problem of pure bending.) We assume periodic boundary conditions, (2.3a) cod(x, n) = (od(x,-n), oed(n, y) = oed(-n, y), |x|,|y|<7r,
Here, <j)d gives the rotation of fibers normal to the midplane, oed measures the transverse displacement of the midplane, and D = E/12(l -u2) is the flexural rigidity scaled by d3. Also, p = E/2(l + u) is a Lamé coefficient, with k > 0, E and 0 < u < 0.5 being the shear-correction factor, Young's modulus and Poisson ratio, respectively. (The second Lamé coefficient, X = uE/(l + u)(l -2u) will be used in §6.) Moreover, g is the scaled loading function, i.e., the transverse load density per unit area divided by d3. (We assume, essentially, that the loading function for a plate of thickness d is gd3, where g is independent of d.)
If we allow d to tend to zero in (2.1), we formally obtain KirchhofFs hypothesis, (2.4) CqUq := 0o -grad oe0 = 0.
The limiting solution «0 = (<j>o, ojo) satisfies (2.4) together with (2.5) DA2co0 = g and the periodic boundary conditions (2.3) (see, e.g., [3] ). This, of course, is the classical biharmonic equation of plate bending, which (unlike the RM model) is independent of d (and is sometimes used to model the actual 3-d plate). For any domain R c R" we will denote by HS(R) the usual Sobolev space with s (=0,1,2,...) square integrable derivatives. If / denotes the 2n-periodic (in x and y) extension of / e Hs(Sl) to R" (recall SI = (-n, n)2), then H^x(Sl) will denote the set of those / for which / e H^ÇSL"). Using the method of real interpolation [7] , we may define the above spaces for all real j. We will use | • \s, || • ||s to denote the seminorm and norm, respectively, in both the periodic and nonperiodic case. We will also use C^r(Q), which will denote the space of functions with s periodic continuous derivatives.
Any u(x) = u(xx, x2) in H^T(Sl) can be expanded as a Fourier series, for K a constant independent of u, d. Let us look more closely at the limiting sets Hk 0 and Hk 0 . Since for these C0u = 0, we see that $ G Hk¿x(Sl) implies that Vw = $ G Hk+l(Sl), so that to G Hk¿2(Sl). Hence, we see that in this limiting case, the regularity of oe is increased by two derivatives, and we have the equivalent characterization (2.17a) Hkt0 = {ue H^l'k+2(Sl), C0u = 0}, (2.17b) Hfft0 = {ue Hk>0, \\u\\k+l,k+2 < B}.
The choice of the above is motivated by the following theorem, which gives an a priori estimate in these weighted norms. Proof. Suppose g, <f>dx, <pd2 and cod are represented in terms of their respective Fourier series, as in (2.6). Then (2.1)-(2.2) may be written as (
From this it may be easily verified that the solution ud of (2.
where Zq = ^\{0} • Here, we have used the fact that g° = 0, because of (2.18).
Similarly, the solution of (2. Proof. First, using (2.16), one easily sees that for s > 1,
Next, let «o = (gradwo, (o0) g Hf0. Then, since <y0 G H£2(Sl), we obtain the decomposition (&>0 is defined modulo constants) co0 = J2 eik'x(ok, £ (|â:|2)î+2|û>*|2 < oo.
kezl kez¡
Hence, defining gk = Doek\k\4, we see that (2.25) geH£2(Sl), (g,l) = 0, IJS-IU-2 < HûJolU+2 < C||m0|U+i,s+2 -Using Theorem 2.1 together with (2.24)-(2.25) allows us to construct ud satisfying (2.21). Also, the argument of Theorem 2.2 shows that (2.22) holds. D
Locking and robustness
Suppose now that we are interested in approximating (2.8). We assume that we are given a sequence {VN} of finite-dimensional subspaces of V = [//¿.".(Q)]3 (N denoting the dimension, N G JV). Then we can define the sequence of finite element solutions ud G VN by
The sequence {VN} thus defines an extension procedure !F, i.e., a rule by which we can increase the dimension ./V with the idea of increasing accuracy. Equation (3.1) immediately gives \\ud-uNd\\E,d< inf \\ud-v\\Etd.
V£VN
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As shown in Theorem 2.1, depending upon the regularity of the data g, the exact solutions of our problem will belong to the sets Hk d c H%¿1 'k(Sl), k > 1, introduced in §2. We will assume that the sequence {VN} is F0-admissible, i.e., it leads to a certain fixed rate Fq(N) of convergence when functions in HJ£l'k(Sl) are approximated, in the following sense:
AXF0(N)< sup inf \\u-v\\XA<A2F0(N).
udHBk »^"
Here, Fq(N) -» 0 as N -> oo and Ax, A2 depend upon B but are independent of N. Moreover, we assume that there exists do G (0, 1) such that for do < d<l,
(Note that the lower bound in (3.3) follows from the one in (3.4), while the upper bound in (3.4) follows from the one in (3.3).) Using (2.11), (3.2) and (3.4), we then obtain the following estimate, which holds uniformly for all do < d < 1 : .6)) for the problems (3.1), be defined by
Then we make the following definitions. Let us briefly explain the above ideas. We are assuming that our exact solution has a certain regularity (i.e., it is in H%¿l'k(Sl)). Our extension procedure & has associated with it a rate of best approximation Fq(N), which gives the best approximation that we could expect to achieve (equation (3.3) ), for the most unfavorable exact solution in HJ£l'k(Sl). Using the finite element method (N) gives the best rate of convergence that can be achieved independent of the parameter d. In this case, f(N) = g(N)(Fo(N))~x characterizes the asymptotic strength of the locking.
In [4] , we have formulated a useful condition, called condition (a), under which the question of locking reduces to one of approximability alone. For this condition to hold, we must first be given a sequence of solution spaces Hk d and a limit space Hk 0 such that Theorem 2.3 holds. Then condition (a) may be stated as: Given ud G Hk d , there exists a «o G H^B0 (for some c independent of ud, d, B; «o depending on ud) such that (3.7)
\\ud-Uo\\k+i,k<Kd'B with K a constant independent of B, d and ud. Here, ß is the exponent appearing in (2.11), ß = 1 in this case. This condition therefore characterizes the distance of solutions ud to functions «o satisfying (2.4), as d -> 0. We have shown in [4] that if the "remainder" ud -uo is small in the sense of (3.7), then we need only consider the approximation of functions uq in the limit space Hk 0 to answer questions about locking and robustness.
Our choice of periodic boundary conditions for the plate problem is motivated primarily by the fact that condition (a) is satisfied. To prove (3.7) for our problem, we simply choose wo (for given ud) as in Theorem 2.2. Then we get (3.7); in fact, we get a power of d2 (instead of just d, as needed). As a result, Theorem 2.4 from [4] will hold for our problem. This theorem states that locking and robustness rates are the same, no matter which error measure in (3.6) is used. It is stated below. Remark 3.2. We will now only refer to the locking of SF, without specifying the error measure in (3.6) we are using. Note, however, that instead of (3.6), we could have, in principle, defined some other error measure (for example, one that included the error in the shear strain). In that case, we would get different results, since the question of locking is extremely dependent upon the error functional under consideration (see [4, 5] ). The results in this paper only relate to the two error functionals in (3.6), i.e., we are assuming that the quantity we are interested in calculating is the energy, as opposed to some other quantity of interest.
The following theorem reduces the question of locking to one of approximability alone. 
The h version
In this section, we consider the robustness of the finite element spaces VN = Vj'g when p , q are held fixed and h is decreased to attain accuracy. We first estimate F0(N) in (3.3), (3.4). We can now prove the following theorem. Remark 4.1. The above theorem shows that with the customary choice p = q , convergence is not guaranteed for p = 1 or 2 (i.e., the robustness order r is 0) and is only guaranteed (with reduced order) if p > 3. In fact, locking cannot be avoided whenever we take p = q. It is O(N) for p = 2, 3, 4 and 0(NX¡2) for p > 5 (for p = 1, it is technically 0(Nxl2) as well, since the maximum possible rate in this case is 0(N~xl2)). To avoid locking, p has to be taken to be 4 or larger, with q being chosen to be p + 1. (Note that taking q > p + 1 will not increase the robustness rate.)
Proof of Theorem 4.1. We illustrate the proof for p = 2, for the two cases q = 2, q>2>. By Lemma 4.1, we see that for both cases, for k > 1, -min(2,fc-l)/2 (4.4) Fo(N) = CN-and for k > 3 (i.e., k > p + 1), we have the best rate that we can expect, i.e., 0(N~X). We now calculate the robustness rate actually achieved, given by ma\ (F0(N), g(N) ), where g(N) is defined by (3.8).
For q = 2, we see that, using (4.3), we have The following is an analog of Lemma 4.2 for this case. The nonperiodic version of this result is established in [8, 5] . Obviously, the two bounds (4.7) and (4.8) hold for both the spaces ^ql+XtX Û '{h and â°2'xh . Now using Theorem 3.3, Lemma 4.1, (4.6) and Lemma 4.3, we obtain the following theorem, whose proof is similar to that of Theorem 4.1. 
The p and h-p versions
We now consider a p version extension procedure F~, with {VN} = {Vp''q} , where h is kept fixed and p , q -> oo . Also, we consider an h-p version over a quasi-uniform family of meshes {Mh} , where both h and p , q are changed for accuracy. Then we have the following estimate for F0 (Theorem 4.2 of [5] ). where C is independent of N but depends on h, k. Moreover, as p, q (5.1) also holds if the h-p version over a quasi-uniform family of meshes {Mh} is used. In this case, we have the following more refined estimate:
where r = min(p, q).
Note that in the above, {Mh} does not have to be a family of uniform meshes, but can be a quasi-uniform family of meshes.
We now show that there is no locking when the p version is used for our model problem. This result is closely related to a similar result for nearly incompressible materials in [5, 16] . Let us remark that in the above proof, it is observed that g(N) is of a smaller order than Fq(N) . This implies that for the limiting case (where we have the biharmonic problem), the p version actually shows an increase in the rate of convergence (by one order of p), rather than a decrease owing to locking. The reason is that the solution to the biharmonic problem is of higher regularity than that of the plate problem, and the asymptotic rate of convergence of the p version only depends upon the regularity of the solution.
For the h-p version, we may show the following theorem for triangular meshes. [1, 9, 10] ). This reduces (2.1)-(2.2) to a Stokes-like system for (<j>d, pd) and uncoupled Poisson equations for rd and cod . The locking effects are related to the Stokes-like system. It is possible to derive an analog of condition (a) for this system and then develop the locking theory in the previous sections via this approach.
As is well known, the Stokes problem is the limit (as the Poisson ratio u -* 0.5) of the equations of linear elasticity for an almost incompressible material. The question of locking for nearly incompressible materials has been well studied in the literature (see, e.g., [5, 13, 14, 16] ). This theory could essentially be applied to the Stokes-like system for (<pd, pd), which behaves similarly, since it tends to the same limit. Hence, spaces YN that are locking-free for the displacements in nearly incompressible elasticity (as analyzed in [5, 13, 14, 16] ) will behave similarly for the rotations <j>d in the RM plate. (Of course, they must now be combined with appropriate subspaces ZN for the transverse displacements cod .) In this way, many of our results for the RM plate established here may be predicted from the results for nearly incompressible materials in the above references. Allowing n to vary then gives a hierarchy of plate models. For fixed d > 0, ü" -» uid (the actual 3-d plate model displacement) as n -+ 00 . Also, as ¡/->0, u" -> uid at a higher rate in d when n is increased and ü$d is regular (see [12] for more details).
Since we are considering the case of pure bending (which exhibits shear locking), we may take 4>Xj = (f>2j = 0 for j even, ojj = 0 for j odd. The simplest model in this hierarchy is then obtained by taking n = ( 1, 1,0), which yields the three unknowns, <f>xo , <¡>2o, coo over the region Si. This model is equivalent to the RM plate model (2.1)-(2.2), with tf>di = -\<\>io, i = 1, 2 and cod = coo (provided the elastic constants are suitably modified (see [2] )).
The model we discuss here is the next higher model in the hierarchy, obtained by choosing n = (1, 1,2 ). This gives four unknown fields over Si, namely </>io , 020, o)0 and oe2 . Denoting ud = (<£d, cod, yd), where <pdx, 4>d2 , cod are as defined above and yd = co2, we may write the Euler equation for the (1, 1,2) model (analogous to (2.1)-(2.2)) as follows:
Here, the elastic constants are the same as defined in §2, and periodic boundary conditions are assumed for ud . We may combine (6.3)-(6.4) to obtain the following equation instead of (6.4):
For d > 0, it has been shown in [2] that the ( 1, 1,2) model exhibits higher accuracy than the RM model for several quantities of engineering interest. As d -» 0, the two models both tend to the Kirchhoff plate. Using (6.5), we see that in the limit, (6.6) 50"o = yo = 0, so that using (6.6) in the limit C0u0 = 0 of (6.2) shows once again that (2.4) holds. Moreover, it may be verified that coo will again satisfy (2.5), with periodic boundary conditions.
The weak form of (6. Suppose now that we are given a sequence {VN} of finite-dimensional subspaces of V = [H^Si)]4. Then the finite element solutions u% G VN may be defined again by (3.1). As d -> 0, assuming that ad(uNd , uNd) is bounded independently of d will constrain various terms in (6.7) involving ud . Our goal is to show that these constraints cause exactly the same type of locking as in the RM case, and that the locking-free subspaces constructed for (2.8) yield corresponding locking-free subspaces for (6.7) when augmented by a suitable subspace for the additional variable yd .
We first show that condition (a) holds for the (1,1,2) model. To do this, we modify the definitions of various spaces introduced in §2, in order to incorporate the extra unknown yd . We let H^r''m(Si) = H^J(Si) x H^Si).
Let II ' Wej be defined by (2.9) and || • \\k,i,m by the analog of (2.10). Then, Then we see that for u = (<fi, co,y) e Hgd, by (6.10)-(6.11), we have where Ak = gk/p\k\4((u -l)^\k\2 -30). (Equation (6.13) was derived from (6.2)-(6.4) using a computer algebra system.) The proof then follows similarly to the proof of Theorem 2. We may now formally define locking and robustness for the || • ||i,i,i or || '\\Etd norm, as before. Our space VN = YN x ZN x MN will be assumed to be inadmissible in the sense analogous to (3.3) . (This means that for any spaces YN , ZN for the RM plate, we can construct VN by adding a space MN that approximates the unknown yd in the H^Si) norm at the rate Fo(N).)
Then the following analog of Theorem 3.3 will hold. The proof of Theorem 6.3 is analogous to that of Theorem 3.3. The only difference is that in (3.12), vx must now satisfy Bqvx = 0 as well. Also here, ß = 2, so that both powers of d in condition (a) (i.e., (6.14)) are used.
We therefore see that taking (for example) MN = YN leads to the same locking and robustness results for the (1, 1,2) model as described in § §4 and 5 for the RM model.
A similar analysis (using more notation) may be done for higher-order models as well. Essentially, the higher-order terms in the expansion of the 3-d solution all are constrained to zero in the limiting case (similar to vo) and the only constraint that causes locking is the Kirchhoff constraint. Hence, the locking and robustness properties of various subspaces can be once again characterized by the results in § §4 and 5. Remark 6.1. From (6.2), it is observed that the (1, 1,2) model will also exhibit "Poisson ratio locking" when u is close to 0.5 . This locking does not occur for the RM plate, owing to the elastic constants being modified, but will occur for all higher-order models. By Remark 5.1, we see, however, that an element that is free of shear-locking (in the energy) as d -► 0 will also be free of Poisson locking as u -* 0.5, so that no additional precautions need to be taken to prevent Poisson locking.
